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Abstract
In this paper we demonstrate how evolutionary computation can be used to ac-
quire difficult to solve combinatorial problem instances, thereby stress-testing the cor-
responding algorithms used to solve these instances. The technique is applied in
three important domains of combinatorial optimisation, binary constraint satisfac-
tion, Boolean satisfiability, and the travelling salesman problem. Problem instances
acquired through this technique are more difficult than ones found in popular bench-
marks. We analyse these evolved instances with the aim to explain their difficulty in
terms of structural properties, thereby exposing the weaknesses of corresponding al-
gorithms.
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1 Introduction

With the current state of complexity of algorithms that solve combinatorial problems,
the task of analysing the computational complexity (Papadimitriou, 1994) has become
a task too difficult to perform by hand. To measure progress in the field of algorithm
development, many studies now consist of performing empirical performance tests to
either show the difference between the performance of several algorithms or to show
improvements over previous versions. The existence of benchmarks readily available
for download have contributed to the popularity of such studies. Unfortunately, in
many of these studies, the performance is measured in a black box manner by running
algorithms blindly on benchmarks. This reduces the contribution to some performance
results, or perhaps a new found optimum for one or more benchmark problems. We
argue that a more interesting contribution can be made by showing performance re-
sults in relation to structural properties. From the no-free-lunch theorem (Wolpert and
Macready, 1997) we know an overall best optimisation algorithm in general does not
exist. Thus, it is important to provide information about where an algorithm excels
and where it falls short. Here, we focus on the latter and introduce a methodology
for creating difficult to solve problem instances for specific algorithms. After apply-
ing this technique we shall analyse these problem instances and then learn about the
weaknesses of the those algorithms in terms of the common structure found in the
problem instances. With respect to the algorithms, these results are of interest to their
developers for further improvement as well as to their users for knowledge about these
weaknesses.

To show the potential of using this technique we apply it to three important do-
mains of combinatorial optimisation. First, binary constraint satisfaction, which has
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become important in the last decade as much work on phase transitions has focused
on this domain with the aim to explain the large variance found in difficulty of prob-
lem instances (Gent et al., 1996a; Kwan et al., 1998; Achlioptas et al., 2001). Sec-
ond, Boolean satisfiability, or more specifically, 3-satisfiability (3-SAT), which is con-
sidered the archetypal problem when constraint satisfaction and the theory of non-
deterministic problems is considered (Du et al., 1997). Its active community of de-
velopers has produces incredibly fast and successful SAT-solvers, which form impor-
tant back-ends for other domains such as, automated proof systems (Zhang, 1997) and
propositional planning (Kautz and Selman, 1992). Third, travelling salesman (Lawler
et al., 1985), which has a long history of empirical studies. It also forms an important
component in vehicle routing studies (Lenstra and Rinnooy Kan, 1981), which is a field
where much empirical comparison studies are performed.

1.1 Previous work

Evolutionary algorithms are used as testing frameworks in a number studies. To our
knowledge, the first occurrences appear in the form of generating tests for a sequential
circuit (Saab et al., 1992; Srinivas and Patnaik, 1993; Rudnick et al., 1994), with the ob-
jective to locate any faults. Analogous to this is more recently developed generator for
fault testing integrated circuits (Corno et al., 2004). These studies differ from ours as
they focus on testing one design at a time, whereas we focuses on testing one algorithm
at a time. Another difference lies in the goals of the studies. The previous studies look
for faults in a design, which would make the design false. Our study concerns with
the efficiency of combinatorial problem solvers. So far, the only work closely related
involves estimating the complexity of sorting algorithms, where an evolutionary algo-
rithm is used to provide the samples for the statistical analysis required to obtain the
complexity (Cotta and Moscato, 2003).

1.2 Motivation

The central theme of this paper is the use of evolutionary computation for creating dif-
ficult to solve combinatorial problem instances. Where difficult to solve refers to com-
putational complexity (Papadimitriou, 1994), which is loosely speaking, the amount of
time required by an algorithm to perform its task. From the perspective of an algo-
rithm that solves combinatorial problems, this process can also be described as a stress
testing, as the aim here is to break its performance in efficiency. In all three problem
domains we show that the proposed technique is able to produce interesting prob-
lem instances, in the sense that these instances are more difficult to solve than existing
benchmarks for a given algorithm and exhibit properties that provide insight into the
weaknesses of that algorithm.

When we have repeatedly used the process of evolution, the result is a set of diffi-
cult to solve instances. The second stage of the study is to analyse these instances and
explain their difficulty in terms of a commonly shared structure. The type of analysis
performed depends on the problem domain. For binary constraint satisfaction we will
concentrate on the difficulty of unsolvable problem instances. For Boolean satisfaction,
we focus on solvable 3-SAT problem instances. Last, for the travelling salesman prob-
lem we look at the distribution of path lengths in the symmetric variant of the problem.

1.3 Structure of the paper

The remainder of the paper is structured as follows. First, in Section 2 we outline the
main methodology used to evolve difficult to solve problem instances. Then, we apply
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this methodology in three problem domains, binary constraint satisfaction (Section 3),
Boolean satisfiability (Section 4), and the travelling salesman problem (Section 5). These
sections all make use of the same structure; first, any adaptations to the main methodol-
ogy are described, then the algorithms applied for solving problems are described, and
finally, experiments and analysis of the results are provided. Conclusions are provided
in Section 6.

2 Methodology

The goal of the methodology is to create difficult to solve problem instances with re-
spect to a combinatorial problem solver. To meet this goal, the chromosomes represent
problem instances. The evolutionary algorithm maintains a population of these prob-
lem instances of which it changes the structure over time. The quality of the problem
instances is measured by having them solved with an algorithm specifically designed
for the job. One may have different definitions of quality; in this study we restrict our-
selves to the difficulty of the problem instance by measuring the search effort required
by the algorithm under testing. Thus, the goal of the evolutionary algorithm becomes
to maximally aggravate the algorithm by trying to increase the search effort that it re-
quires.

Start

Run the problem solver
on each problem instance

Use 2-tournament selection
to create a pairs of parents

Crossover & mutation to create
new problem instances from the

set of pairs of parents

Replace current population
with offspring using elitism

More difficult
problem found?

Save the more difficult
problem instance to
the improved series

Maximum
generations
reached?

Yes

No

Stop
YesNo

Create initial
population randomly

Figure 1: General outline of the evolutionary algorithm to produce difficult to solve
problem instances

The general outline of the algorithm presented in Figure 1 does not differ much
from a typical evolutionary algorithm. The process stores an instance whenever it is
better than anything found previously. The series of improved problem instances that is
thus created helps us in the analyses presented later. The following components make
up the evolutionary algorithm; they are summarised in Table 1.
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2.1 Initialisation

The population size used throughout the experiments in the three problem domains is
thirty. Although small, this seems sufficient for the problems in this study to success-
fully explore the space of problem instances. It also keeps the computational overhead
low. The initial population is created uniform randomly with a method that depends
on the domain and is always a commonly accepted way of sampling the problem space.

Table 1: A summary of the components of the evolutionary algorithm for evolving
difficult to solve combinatorial problem instances

component value

individual representation problem dependent
initialisation uniform randomly created
population size 30
crossover uniform crossover
mutation uniform probability with adapting mutation rate
parent selection 2-tournament
evolutionary model generational with elitism of size one
termination condition after fixed number of generations
fitness function search effort of the combinatorial problem solver
goal maximisation

2.2 Variation operators and selection

The evolutionary algorithm does a fixed number of generations, set in each individual
experiment, before it terminates. This number depends on two major factors. First,
it is limited by the intensity of computation required by the problem solvers. Second,
it needs to be sufficiently high to allow sufficient time to reach the extremely difficult
problem cases. It uses a generational scheme, which employs elitism of size one to
keep the best solution in the population (Bäck et al., 1997, C2.7.4). To create the new
population, it uses binary tournament selection (Bäck et al., 1997, C2.3) to select two
parents, after which crossover is performed to create one offspring. This offspring then
undergoes mutation with a mutation rate of pm.

The uniform crossover operator takes two parent individuals, as input and creates
one offspring. In all problem domains a form of uniform crossover is used. However,
the precise definition depends on the representation, and is given separately for each
domain.

Mutation is generally defined as a small step made in the space of problem in-
stances. The precise definition is given separately for each problem domain. A com-
mon scheme is used for changing the mutation rate during a run. The mutation rate pm
is varied over the generations using,

pm = pmend + (pmstart − pmend) · 2
−generation

bias ,

from (Kratica et al., 2003) where the parameters are set as bias = 3, pmstart = 1/2,
pmend = 1/chromsome-size, and generation is the current generation. This scheme
makes it possible to take reasonably large steps in the search space at the start, while
keeping changes small toward the end of the run. It is similar to the cooling-down
process in simulated annealing (Metropolis et al., 1953).
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2.3 Fitness evaluations

To calculate the fitness of newly created offspring we let a tailored algorithm solve it
and take as the fitness for that offspring the search effort required by the algorithm.
The search effort is measured by counting an atomic operation, which is known to in-
crease exponentially when problems get more difficult (Papadimitriou, 1994). Most
often this involves counting the number of constraint checks performed. If the algo-
rithm is complete, we count constraint checks until the algorithm finds a solution or
proofs no solution exists. If it is incomplete, we count the constraint checks until the
algorithm finds a solution or reaches a predetermined maximum. The goal of the evo-
lutionary algorithm is to maximise the search effort, thus to search for the most difficult
to solve problem instances.

3 Binary constraint satisfaction

Constraint satisfaction problems (CSPs) (Tsang, 1993) form a class of models representing
problems that have as common properties, a set of variables and a set of constraints.
The variables should be instantiated from a discrete domain while making sure the
constraints that restrict certain combinations of variable instantiations to exist, are sat-
isfied. It is well known that the class of CSP is a member of the class of NP-complete
problems (Garey and Johnson, 1979).

Considered famous CSP problems are, graph k-colouring, n-queens, and 3-SAT.
Over a decade ago, interest grew to study binary constraint satisfaction problems,
which restrict the general model by only allowing constraints over at most two vari-
ables. Rossi et al. proved that for every CSP there exists an equivalent binary CSP (Rossi
et al., 1990). However, from empirical evidence we know that the method used to
convert one CSP into another may have a large impact on the performance of the algo-
rithms that try to solve it (Bacchus and van Beek, 1998; Walsh, 2000). Here we will be
concerned only with binary CSPs created directly, i.e., no conversion has been applied.

A constraint satisfaction problem is defined as a tuple 〈X, D, C〉where,

• X = {x1, . . . , xn} is a finite set of variables,

• D = {D1, . . . , Dn} is a finite set of domains, one domain for each variable

• and C is a finite set of constraints, every constraint Ci(xi1 , . . . , xij
) is a subset of

Di1 × · · · ×Dij
, which restricts combinations of assignments.

The objective is to assign each variable xi ∈ X one value d ∈ Di from its domain,
denoted as 〈xi, d〉, such that none of the constraints in C is violated. This set of assign-
ments is called a solution to the CSP. It is possible to have so many constraints present
in the CSP that it is impossible to find a valid value assignment for each variable. Such
problem instances are called unsolvable. Algorithms that always return a solution if it
exists are called complete. Thus, when such an algorithm terminates without returning
a solution, we have proof that the problem instance is unsolvable.

A binary constraint satisfaction problem (BINCSP) is CSP where every constraint
c ∈ C restricts at most two variables (Palmer, 1985). Often, network graphs are
used to visualise CSP instances. In Figure 2, we provide an example of a the re-
stricting hypergraph of a BINCSP. It consists of three variables X = {x1, x2, x3}, all
of which have a domain of D = {a, b}. In a hypergraph every vertice corresponds
with one value of the variable it represents in the BINCSP. Every edge shows the
value pairs which are forbidden by the set of constraints C. In the example, we
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show all the edges that correspond to the following set of forbidden value pairs C =
{ {〈x1, a〉, 〈x2, a〉}, {〈x1, a〉, 〈x3, b〉}, {〈x1, b〉, 〈x2, a〉}, {〈x1, b〉, 〈x2, b〉}, {〈x1, b〉, 〈x3, a〉},
{〈x1, b〉, 〈x3, b〉}, {〈x2, a〉, 〈x3, a〉}, {〈x2, a〉, 〈x3, b〉} }.

x1,b

x1,a

x3,a

x2,a

x2,b

x3,b

Figure 2: Example of a |X|-partite hypergraph of a BINCSP with one solution:
(〈x1, a〉, 〈x2, b〉, 〈x3, a〉)

Cheeseman et al. show for a number of NP-hard problems that these exhibit a
transition from solvable to unsolvable problem instances when one looks at an order
parameter. This parameter characterises a certain aspect of the problem (Cheeseman
et al., 1991). For example, in graph colouring the edge connectivity is an order param-
eter. Such a transition in a complex system is referred to as a phase transition. Random
BINCSP also exhibits such a transition (Prosser, 1994; Prosser, 1996) when one looks at
the order parameters, constraint density and constraint tightness. Here, we shall work
with BINCSP in the form of hypergraphs, and the order parameter will be the ratio of
forbidden value pairs to the total number of value pairs. Moreover, we assume the do-
mains are equal for each variable, which we denote by D′. Basically, this is the overall
tightness of the problem instance. We define this tightness of a BINCSP with homoge-
neous domains 〈X, D′, C〉 as,

tightness(〈X, D′, C〉) =
|C|(|X|

2

)
|D′|2

,

where C is the set of forbidden value pairs. The example in Figure 2 has homogeneous
domains where |D′| = 2, and consequently with |C| = 8 and

(|X|
2

)
= 3 it has a tightness

of 2/3.
An extensive study (Smith, 1994; Smith and Dyer, 1996; Prosser, 1996) on random

binary CSPs provides evidence that the phase transition coincides with a peak in the
search effort required to either find one solution for an instance or determine that it is
unsolvable. The search effort is measured as the number of constraint checks needed by
an algorithm to either find a solution or to determine that a problem instance is unsolv-
able. A constraint check occurs when an algorithm tests whether the value assignment
of two variables is valid, i.e., it is not forbidden by any constraint from the set of con-
straints C. The class of randomly generated binary CSPs is of interest, because accurate
order parameters help is better to explain why one problem instance is much harder to
solve than another.

3.1 Adaptations to the methodology

The evolutionary algorithm maintains a population of binary CSPs of which it changes
the structure over time. Basically, its variation operators alter the individual conflict
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pairs between two values of two variables, i.e., the edges of its corresponding hyper-
graph. The set of variables and each variable’s domain values are left untouched. Only
the structure of the constraints can vary. The evolutionary algorithm is run for 500
generations in order to get significantly difficult problem instances.

The population consists of thirty binary CSPs. The initial population is created with
Model E (Achlioptas et al., 2001) using the program RandomCSP (van Hemert, 2003b)
with |X| = 15 variables, a homogeneous domain size |D′| = 15 and the p parameter of
Model E is set to 0.02. This last parameter determines how many forbidden value pairs
will exist on average in the randomly created problem instances. The value chosen
here makes sure that the initial population will consist of problem instances with many
solutions, which are easy to find. The precise definition of Model E is,

The graph CΠ is a random |X|-partite graph with |D′| nodes in each part
that is constructed by uniformly, independently and with repetitions select-
ing p

(|X|
2

)
|D′|2 edges out of the

(|X|
2

)
|D′|2 possible ones.

The uniform crossover operator takes two parent individuals, i.e., two binary CSPs,
as input and creates offspring in the form of a binary CSP with the same number of vari-
ables and domain sizes as the parents. It then iterates through all possible value pairs of
the offspring, i.e., possible edges in the corresponding hypergraph, and chooses every
time with equal probability either the first or the second parent. It sets the value pair
to be a forbidden value pair if and only if the chosen parent’s value pair is forbidden.
Then the offspring undergoes mutation by performing an iteration of the value pairs
where, with a chance of pm, the state of a value pair will be flipped, i.e., a conflict pair
will be removed when it exists or created if it does not exist.

3.2 Problem solvers

In the experiments presented next, two constraint solvers will be tested indepen-
dently; chronological backtracking (Golomb and Baumert, 1965) and forward checking
with conflict-directed backjumping, both implemented in (van Beek, 2005). The latter
algorithm uses forward checking (FC) of Haralick and Elliot (Haralick and Elliot, 1980)
for its constraint propagation, which means that the algorithm first assigns a value to a
variable and then checks all unassigned variables to see if a valid solution is still possi-
ble. The goal of forward checking is to prune the search tree by detecting inconsisten-
cies as soon as possible. To improve upon the speed, conflict-directed backjumping (CBJ)
(Dechter, 1990) was added to it by Prosser (Prosser, 1993) to form FC-CBJ. The speed
improvement comes from the ability to make larger jumps backward when the algo-
rithm gets into a state where it needs to backtrack to a previous set of assignments by
jumping back over variables of which the algorithm knows that these will provide no
solutions. For both algorithms no variable ordering heuristic or value ordering heuris-
tic were used.

3.3 Experiments

Preliminary results on evolving binary constraint satisfaction problems are given in
(van Hemert, 2003a). However, the results in that study, only marginally improved
upon the difficulty of previously generated problem instances. Moreover, in that study,
no analysis of the problem instances is performed.

One experiment consists of 100 independent runs of the evolutionary algorithm
with one problem solver, as presented in Section 3.1. During one run, we save the fol-
lowing statistics about every generated problem instance; its tightness, the search effort
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needed to find a solution or determine that it is unsolvable, and whether it is solvable
or not. Also, each time the evolutionary algorithm finds a problem instance that is more
difficult to solve then any found so far in the run, we save that problem instance. The
last one of this series of improved problem instances is commonly referred to as the
best individual of the run.

We perform two experiments, one with chronological backtracking (BT) and one
with forward checking with conflict-directed backjumping (FC-CBJ). Over a whole ex-
periment, at least 96% of all the problem instances created by the evolutionary algo-
rithm are different.

3.3.1 Convergence of the evolutionary algorithm
Figure 3(a) shows how the mean fitness of the evolutionary algorithm is converging in
both experiments, averaged over the 100 independent runs. 95% confidence intervals
are computed but are not displayed because they are very small. In the first four gen-
erations, we observe a rapid increase in the fitness, i.e., the search effort required for
the problem instances. Also, at the same time the tightness of the problem is quickly
increasing to about 0.38, as shown in Figure 3(b). Problem instances that have such a
large tightness have a high probability of not being solvable (Williams and Hogg, 1994;
Gent et al., 1996b), which is confirmed by Figure 3(c).

In Figure 3(c) we observe that the ratio of solvable instances drops from one to
almost zero within the first five generations. Then, this ratio increases to almost 0.18 at
28 generations, after which it stays low and shows an erratic pattern. This matches the
tightness in Figure 3(b), which converges to 0.301, near the estimated location of the
phase transition (Williams and Hogg, 1994; Gent et al., 1996b). At the same time, it is
on the under-constrained side, where the probability for solvable problems is higher,
but where it is finding unsolvable problems that are difficult to solve.

The characterisation of the search of the evolutionary algorithm is almost identical
for both complete solvers. The exception is the difference in the search effort, which is
significantly lower for the more sophisticated FC-CBJ.

3.3.2 Comparison with Model E
Using Model E, as defined in Section 3.1, we generate one million randomly created
BINCSP instances with a tightness equally distributed over the range (0.29, 0.38), which
encompasses the phase transition. Of these problem instances we calculate the search
effort in conflict checks using both constraint solvers. Figure 4(a) and Figure 4(b) show
the minimum, mean and maximum search effort together with the search effort of the
most difficult problem instances found by the evolutionary algorithm for the tightness
values in that range.

Figure 4 shows, in conjunction with Figure 3(b), the evolutionary algorithm starts
finding more difficult problem instances when it is creating problem instances with a
tightness of 0.32. Typically, it finds these more difficult instances after only 100 gen-
erations of the 500 have passed (see Figure 3(a)). As apparent from Figure 3(b), the
evolutionary algorithm progresses by finding problem instances with lower tightness
values, thereby getting closer to where more solvable problem instances are located.
Its convergence in the conflict checks is also observed in Figure 4 as the flattened peak
between 0.295 and 0.320 for BT and 0.295 and 0.309 for FC-CBJ.

As a final note we point out the large variation of difficulty found in the phase
transition, seen by the large difference between the minimum and maximum amount
of conflict checks required to solve problems as created by Model E. The peak of the
maximum difficulty is shifted to the left, i.e., lower tightness values, with respect to the
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Figure 3: Convergence analysis averaged over 100 runs of the EA for BT and FC-CBJ
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(a) Chronological backtracking (BT)
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Figure 4: The number of conflict checks for problem instances with a tightness in the
range (0.29, 0.38). Presented are the most difficult problem instances created by the
evolutionary algorithm averaged over 100 independent runs and the maximum, mean
and minimum of constraint checks on one million problem instances randomly created
with Model E

peak of the average difficulty.

3.3.3 Minimal unsolvable sub-problems
A minimal unsolvable sub-problem (MUS) is defined as the smallest sub-problem of an
unsolvable problem that is itself unsolvable (Mammen and Hogg, 1997). Thus, any
subset taken from a MUS is solvable. It was first studied as minimal satisfiable subsets
in SAT (Gent and Walsh, 1996). This property is only of interest to unsolvable problem
instances, which matches perfectly the problem instances found in the experiments by
the evolutionary algorithm.

Intuitively, one would assume that problem instances with a large MUS are more
difficult to proof unsolvable than those with a small MUS because a large MUS may con-
tain solvable sub-problems. These sub-problems can prolong the search of a constraint
solver for an unsolvable sub-problem. However, according to Culberson and Gent
in (Culberson and Gent, 1999) and (Gent and Walsh, 1996), extremely difficult prob-
lem instances should have small minimal unsolvable sub-problems which are unique.
In contrast, difficult problem instances have larger MUS’s, which are also not unique.
Their results however, suggest that this may not hold for large problem instances. The
uniqueness of the MUS should make it difficult for a solver to determine unsolvability.

We calculate the size of the minimal unsolvable sub-problem for every unsolvable
problem instance in the series of improved instances for each run. Without exception,
after the first twenty generations, the size of the MUS equals the number of variables of
every problem instance. In other words, the problem instance itself is the MUS. There
is only one MUS, which makes it unique. Furthermore, it is also the maximum size and
therefore satisfies the conjectures about which problems are most difficult. However,
as this size is the same throughout the search, it does not help to explain why the
evolutionary algorithm keeps on finding unsolvable problems that take more and more
search effort as shown in Figure 3(a).

We introduce a measurement to further explain the increase in difficulty. By defi-
nition the MUS is the smallest sub-problem that is unsolvable, hence each sub-problem
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of a MUS is solvable. We take every possible sub-problem that forms a strict subset of a
MUS and that is as large as possible. Together, these subsets form SUBMUS, defined as,

SUBMUS = {P |∀P,Q ⊂ MUS : |Q| ≤ |P |} .

The problem instances in the experiments all have n = 15 variables, and because the
size of the MUS is always n, we get |SUBMUS| = n = 15. The subsets are all of size
n− 1 = 14.

We can calculate the number of solutions to a sub-problem belonging of a SUBMUS
using a complete problem solver. Let solutions(s) provide the number of solutions to a
sub-problem s, then

ANS-SUBMUS =
1

|SUBMUS|
∑

s∈SUBMUS

solutions(s)

defines the average number of solutions (ANS) for the sub-problems of the minimal un-
solvable sub-problem (SUBMUS).

We take the series of improved instances for all 100 runs and plot the ANS-SUBMUS
throughout it. The result is shown in Figure 5 for BT and FC-CBJ. It shows a clear trend
where throughout the improved series, i.e., with increasingly more difficult problem
instances, we find larger ANS-SUBMUSs. The 95% confidence intervals are sufficiently
small to claim significant results.

3.4 Conclusions on binary constraint satisfaction

Although on average, problem instances become more difficult to solve near the phase
transition, the variation in the search effort required to solve problem instances in a
small range of the tightness may vary immensely around the phase transition. By us-
ing an evolutionary algorithm to evolve BINCSPs we are able to find difficult to solve
problem instances without needing to know the exact structural properties that make
these problem instance so difficult to solve.
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Exceptionally difficult problem instances, as they are called in (Smith and Grant,
1997), form a very small subset of the set of problem instances with the same order
parameters. In (Smith and Grant, 1997), 50 000 problem instances are created for each
setting of the tightness in order to locate them. Our evolutionary algorithm detects
problem instances with a similar difficulty by generating only 3 000 of them. It then
continues to find more and more difficult problem instances. Potentially, this makes it
a valuable tool to locate interesting problem instances for the performance analysis of
constraint solvers.

The series of improved problem instances in runs of the evolutionary algorithm
consist of only unsolvable problems. The size of the minimal unsolvable sub-problem
for these instances provides a first reason for why these problems are difficult to solve.
However, we find every one of them has the same size, which prohibits it from ex-
plaining the significant increase in difficulty in every series. We propose to look at the
number of solutions to the subsets of size n− 1 of these unsolvable problems.

The difficult problem instances found during the runs of the evolutionary algo-
rithm all have a minimal unsolvable sub-problem of size n. When observing the n
solvable sub-problems of size n− 1 of each problem instance, we notice a trend where
the number of solutions for sub-problems of size n − 1 increases when the difficulty
increases. This suggests that the difficulty of such an unsolvable problem is caused by
the intricate way in which the combination of n solvable problems of size n − 1 create
exactly one unsolvable problem. A larger number of solutions possible for each of the
sub-problems make it more difficult to detect that the whole problem is unsolvable.

4 Boolean satisfiability

A Boolean satisfiability problem 〈U, W 〉 in conjunction normal form consists of a finite
set of boolean variables U and a finite set of clauses W . Each clause w ∈ W is in the
form 〈l1 ∨ l2 ∨ . . .∨ lk〉, where li, 1 ≤ i ≤ k are called literals and a literal li is either u or
¬u with u ∈ U . The objective is to assign each variable u ∈ U either false or true such
that all the clauses in W are true.

Boolean satisfiability was the first problem to be proved non-deterministic poly-
nomial (Cook, 1971), and two decades later, was one of the first problems where the
phenomenon of a phase transition was found (Cheeseman et al., 1991). The phase tran-
sition shows the transition from solvable problems to unsolvable problems under an
order parameter. For randomly generated satisfiability, the most commonly used order
parameter is the number of clauses divided by the number variables. Empirical evi-
dence shows that the location where we have a 50% chance an instance is either solv-
able or unsolvable, coincides with a peak in the difficulty of solving these. This location
lies at m/n ≈ 4.25 (Mitchell et al., 1992; Selman et al., 1996; Hayes, 1997). However, if
we observe the many studies on this location, then we will find large variances and
exceptions to this (Cook and Mitchell, 1997).

4.1 Adaptations to the methodology

We represent a 3-SAT problem by a list of 420 natural numbers. A number in the list,
i.e., a gene, corresponds to a unique clause with three different literals. The number of
possible unique clauses depends on the number of variables and the size of the clause.
Here, the number of variables is set to 100 and the size of the clause is three, hence it is
equal to 1 313 400. Although this representation seems more cumbersome to a straight-
forward representation that just uses one gene for every literal, and then takes groups
of three genes to form clauses, there are strong advantages. Most importantly, it pre-
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vents duplicate variables in clauses, which reduces the state space and could otherwise
introduce trivial clauses, e.g., (x ∨ ¬x ∨ y), or 2-SAT clauses, e.g., (x ∨ x ∨ y). Also,
the variation operators now simply become mutation and uniform crossover for lists
of natural numbers over a fixed domain.

The major difference with the other two problem domains lies in the fitness func-
tion. We have chosen here to try to evolve satisfiable problem instances, i.e., problem
instances with a solution. However, during the search, the evolutionary algorithm con-
sistently explores the space of unsatisfiable problem instances. Therefore, we have al-
tered the fitness function such that given two SAT problems A and B, we say that A is
better than B iff A and B are either both solvable or unsolvable, and A takes more time
to solve than B or A is solvable and B is not solvable. This simple approach meets our
end, as the evolutionary algorithm finds difficult satisfiable problems. It may hamper
the efficiency of our search as we do not know its effect on the search landscape.

The number of generations until the evolutionary algorithm terminates is set to
200 generations.

4.2 Problem solvers

Both problem solvers used for solving 3-SAT are based on the Davis-Putnum Procedure
(Davis and Putnam, 1960) but are highly optimised. This process of optimising SAT
solvers is fuelled partially by an annual competition (Le Berre and Simon, 2005). The
two solvers used here, zChaff and Relsat, compete in this competition and score well.

zChaff (Fu, 2004) is based on Chaff (Moskewicz et al., 2001), a SAT solver that em-
ploys a particularly efficient implementation of Boolean constraint propagation and a
novel low overhead decision strategy. Relsat (Bayardo, 2005) is explained in (Bayardo
Jr and Schrag, 1997a; Bayardo Jr and Pehoushek, 2000). It employs constraint satis-
faction lookback techniques such a conflict-directed backjumping (Dechter, 1990). The
authors put emphasis on using relevance-bounded learning to improve the effective-
ness, which keeps new learnt clauses during solving for as long as they are relevant. A
clause is relevant if it contains sufficient number of variables currently assigned in the
search.

In both solvers we count the number of states of instantiations. This is the amount
of nodes in the Davis-Putnum search tree, which both algorithms use. Their difference
in operation, and thus in performance, lies in how they build up the tree and how they
traverse it.

4.3 Experiments and analysis

We compare the difficulty of the resulting instances with other benchmark suits. Then
we show that structures typically used to explain difficulty, do not explain the increase
in difficulty of evolved instances. Last, we provide a property of the instances that
does correlate with the difficulty of the problem instances, which is based on the way
variables are distributed over clauses.

4.3.1 Comparison to other benchmark suits
We compare the difficulty of 600 problem instances acquired with the evolutionary al-
gorithm with other public benchmarks with the same number of variables. A number
of benchmark suits exists, often subdivided into sets with similar characteristics. We
choose the set that first of all, has the same number of variables, then consists of the
most difficult instances on average compared to the other sets, and has a similar num-
ber of clauses.
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Figure 6: Box-and-whisker plots of the search effort in terms of the number of states
of instantiations required by zChaff and Relsat on the zChaff:Evolved set and Rel-
sat:Evolved set respectively, compared to the Backbone Minimal Set (BMS) and the uni-
form randomly generated set (Urandom)

Figure 6 shows a comparison of the evolved sets to two other benchmarks for
both zChaff and Relsat respectively. These benchmarks are the Backbone-Minimal Sub-
instance (BMS) (Singer et al., 2000) and the uniform random 3-SAT (Urandom) (Cheese-
man et al., 1991). The terminology around backbones is explained in the next section.
The first is obtained by taking randomly generated 3-SAT instances with a backbone of
size 90 and then stripping these instances without affecting the backbone. The latter is
the commonly accepted way of randomly generating k-SAT instances, which we also
use to seed the first generation. For both algorithms we note that performing 200 gen-
erations is sufficient to evolve significantly more difficult to solve problem instances.

In Figure 7, we show the best fitness value at each improvement step averaged
over 580 independent runs of the EA for zChaff and 1480 runs for Relsat. There is a
smooth and monotonic increase in difficulty in both experiments. This result helps to
make an important observation relevant for the results in the next sections; the smooth
increase means we cannot sat any of the rapid changes and peaks in those results are
because of jumps in the difficulty of problem instances.

4.3.2 Backbone size and number of solutions

One of the most popular structures that is used to explain the difficulty of problem
instances is the backbone. Although multiple definitions exist, also depending on the
type of constraint satisfaction problem (Boettcher et al., 2005), it was first defined for
Boolean satisfiability and the standard definition is still used most often. The backbone
of a problem instance 〈U,W 〉 is the subset of variables U ′ ⊂ U where for every solution
to the problem, a variable u ∈ U ′ always has the same truth assignment. There is
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Figure 7: The increase in difficulty, i.e., the best fitness values, in terms of number
of instantiations throughout the improved series for both zChaff and Relsat, averaged
over respectively 580 and 1450 independent runs of the evolutionary algorithm. Results
are presented with 95% confidence intervals

a corresponding problem in physics, the spin glass model, from which the backbone
property was first derived (Monasson et al., 1999).

The conjecture is that the size of the backbone correlates positively with problem
difficulty in many combinatorial problems (Slaney and Walsh, 2001). However, recent
empirical and theoretical aversive results were published. These respectively showed
that almost no correlation exists (Kilby et al., 2005) and gave proof that backbone free
problem instances can still be difficult to solve (Beacham, 2000).
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Figure 8: The average size of the backbone of instances throughout the improved series
for both zChaff and Relsat, averaged over respectively 580 and 1450 independent runs
of the evolutionary algorithm. Results are presented with 95% confidence intervals
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In Figure 8, we show the size of the backbone throughout the improved series. The
results depict the mean and 95% confidence intervals over 580 independent runs of the
EA for zChaff and 1480 runs for Relsat. The latter algorithm requires more samples to
reduce statistical variance. The results lack a clear trend, which indicates the evolu-
tionary algorithm is not exploiting the size of the backbone in order to obtain difficult
instances. We note that throughout one run the size of the backbone can vary consider-
ably, but that on average it lies between 70% and 75% of the whole set of variables.
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Figure 9: The average number of solutions to instances throughout the improved series
for both zChaff and Relsat, averaged over respectively 580 and 1450 independent runs
of the EA. It is presented with 95% confidence intervals

Closely related to the backbone is the number of solutions to a satisfiability prob-
lem. For larger backbones less freedom exists as only the non-backbone variables can
have different truth values in two different solutions. The first conjecture on explaining
constraint problem difficulty was founded on the idea that a small number of solutions
would be hard to find (Smith, 1994; Smith and Dyer, 1996). Recent studies try to in-
troduce special cases where problem instances have an induced number of solutions
(Achlioptas et al., 2000; Achlioptas et al., 2004). Figure 9 shows the average number of
solutions to problem instances over the generations. Although a slight decline may be
observed in the first few generations, the number stays well over 5 000 solutions. At
the end of the run the statistical variance is high due to a low number of long series of
improved instances.

4.3.3 Variance in variable frequency
We examine the variance in the frequency of occurrence of variables in clauses, where
we sum over both the negated and non-negated occurrence of a variable. Given 420
clauses of size 3, where we restrict clauses to contain only unique variables, a variable
can occur between 0 and 420 times in a problem. When we observe problems created
randomly, such as those used to initialise the evolutionary algorithm, most variable
frequencies will be close to a normal distribution. Hence, a variation exists in the fre-
quency in which variables occur in a problem.

In Figure 10, we show the average standard deviation of the frequency in which
variables occur in the problem. We take the improved series for both algorithms (again
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Figure 10: The standard deviation of the distribution of variables in evolved SAT prob-
lems per generation for zChaff and Relsat. At each generation the data is averaged
over responsibility 580 and 1450 independent runs of the EA. It is presented with 95%
confidence intervals

580 runs for zChaff and 1450 runs for Relsat). It is clear from the confidence intervals
that the amount of variation in both measurements, especially at the start of the series,
is small. A clear decreasing trend is witnessed for both algorithms. This indicates a
mechanism used by the evolutionary algorithm to perform its search in terms of the
structure of the problem. Moreover, we have studied the trend of the ratio of negative
to non-negative clauses during the improved instances, where we found no significant
deviation from the 50%-50% distribution at any point.

4.4 Conclusions on Boolean satisfiability

Considering the latest results that no correlation exists for SAT between problem diffi-
culty and backbone size, we find the lack of a clear trend in the backbone size in the
improved series not surprising. We do note that on average over a whole run the back-
bone size is between 70% and 75%, but clear no relationship can be found with the
difficulty of evolved problem instances. Also, no clear trend is present in the number
of solutions.

Undoubtedly, a trend is visible in the variance in frequency of variable occurrence.
This seems a reasonable candidate for the structural property that induces the increase
in difficulty during evolution. First, it is a simple mechanism, which relies on trans-
forming problem instances to form a narrow Gaussian distribution of the variables
over all the clauses in a SAT problem. Second, in a previous study (Bayardo Jr and
Schrag, 1997b) a significant rise in difficulty was achieved by creating SAT problems
where the distribution of variables is close to a uniform distribution, rather than a nor-
mal distribution. The latter is obtained by selecting at random literals and is the most
common way of creating random SAT, while the first randomly selects literals from a
pre-constructed bag of literals. This bag of literals is created such that each variable is
represented equally. However, in that study, the clause size varied, and the peak in dif-
ficulty was found distant from the regular location. Here we show that SAT instances
with less variance exist that are more difficult than random SAT and that coincide with
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the regular peak in difficulty.

5 Travelling salesman

The travelling salesman problem (TSP) is well known to be NP-complete (Papadimitriou
and Steiglitz, 1976). It is mostly studied in the form of an optimisation problem where
the goal is to find the shortest Hamiltonian cycle in a given weighted graph (Lawler
et al., 1985). Here we will restrict ourselves to the symmetric travelling salesman prob-
lem, i.e., distance(x, y) = distance(y, x), with Euclidean distances in a two-dimensional
space.

Over time, much study has been devoted to the development of better TSP solvers.
Where “better” refers to algorithms being more efficient, more accurate, or both. It
seems, while this development was in progress, most of the effort went into the con-
struction of the algorithm, as opposed to studying the properties of travelling salesman
problems. The work of (Cheeseman et al., 1991) forms an important counterexample, as
it focuses on determining phase transition properties of, among others, TSP in random
graphs, by observing both the graph connectivity and the standard deviation of the
cost matrix. Their conjecture, which has become popular, is that all NP-complete prob-
lems have at least one order parameter and that difficult to solve problem instances are
clustered around a critical value of this order parameter.

The results presented here are a concise version of the ones presented in (van
Hemert, 2005). While here we concentrate more on the success of the evolutionary
algorithm, there the focus lies on the analysis of the evolved problem instances in rela-
tion to the algorithms.

5.1 Adaptations to the methodology

A TSP instance is represented by a list of 100 (x, y) coordinates on a 400 × 400 grid.
The list directly forms the chromosome representation with which the evolutionary
algorithm works. For each of the thirty initial TSP instances, we create a list of 100
nodes, by uniform randomly selecting (x, y) coordinates on the grid.

Uniform crossover here consists of choosing for each node of the offspring with
equal probability either the node from the first or the second parent. Mutation con-
sists of replacing each one of its nodes, with a probability pm, with uniform randomly
chosen (x, y) coordinates.

The number of generations until termination is set to 600 generations.

5.2 Problem solvers

As for other constrained optimisation problems, we distinguish between two types of
algorithms, complete algorithms and incomplete algorithms. The first are often based
on a form of branch-and-bound, while the latter are equipped with one or several
heuristics. In general, as complete algorithms will quickly become useless when the
size of the problem is increased, the development of TSP solvers has shifted toward
heuristic methods. One of the most renowned heuristic methods is Lin-Kernighan (Lin
and Kernighan, 1973). Developed more than thirty years ago, it is still known for its
success in efficiently finding near-optimal results.

The core of Lin-Kernighan, and its descending variants, consists of edge exchanges
in a tour. It is precisely this procedure that consumes more than 98% of the algorithm’s
run-time. Therefore, in order to measure the search effort of Lin-Kernighan-based algo-
rithms we count the number of times an edge exchange occurs during a run. Thus,
this measure of the time complexity is independent of the hardware, compiler and pro-
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gramming language used. In this study, we use two variants of the Lin-Kernighan
algorithm, which are explained next.

Chained Lin-Kernighan (CLK) is a variant (Applegate et al., 2000) that aims to in-
troduce more robustness in the resulting tour by chaining multiple runs of the Lin-
Kernighan algorithm. Each run starts with a perturbed version of the final tour of the
previous run. The length of the chain depends on the number of nodes in the TSP
problem.

In (Papadimitriou, 1992), a proof is given demonstrating that local optimisation
algorithms that are PLS-complete (Polynomial Local Search), can always be forced into
performing an exponential number of steps with respect to the input size of the prob-
lem. In (Johnson and McGeoch, 1997), Lin-Kernighan was first reported to have dif-
ficulty on certain problem instances, which had the common property of being clus-
tered. The reported instances consisted of partial graphs and the low performance was
induced because the number of “hops” required to move the salesman between two
clusters was set large enough to confuse the algorithm. We are using the symmetric
TSP problem, where only full graphs exist and thus, every node can be reached from
any other in one ”hop”.

As a reaction on the low performance reported in (Johnson and McGeoch, 1997),
a new variant of Lin-Kernighan is proposed in (Neto, 1999), called Lin-Kernighan
with Cluster Compensation (LK-CC). This variant aims to reduce the computational ef-
fort, while maintaining the quality of solutions produced for both clustered and non-
clustered instances.

Cluster compensation works by calculating the cluster distance for nodes, which
is a quick pre-processing step. The cluster distance between node v and w equals the
minimum bottleneck cost of any path between v and w, where the bottleneck cost of
a path is defined as the heaviest edge on that path. These values are then used in
the guiding utility function of Lin-Kernighan to prune unfruitful regions, i.e., those
involved with high bottlenecks, from the search space.

5.3 Experiments and analysis

Each experiment consists of 190 independent runs with the evolutionary algorithm,
each time producing the most difficult problem instance at the end of the run. The
set of problem instances from an experiment is called Algorithm:Evolved set, where Al-
gorithm is either CLK or LK-CC, depending on which problem solver was used in the
experiment. We ignore here the series of improved instances.

The total set of problem instances used as the initial populations for the 190 runs
is called Random set, and it contains 190× 30 = 5 700 unique problem instances, each of
which is generated uniform randomly. This set of initial instances is the same for both
Lin-Kernighan variants.

5.3.1 Increase in difficulty

In Figure 11, we show the amount of search effort required by Chain Lin-Kernighan to
solve the sets of TSP instances corresponding to the different experiments, as well as to
the Random set. Also, we compared these results to results reported in (van Hemert
and Urquhart, 2004), where a specific TSP generator was used to create clustered in-
stances and then solved using the Chained Lin-Kernighan variant. This set contains
the 50 most difficult to solve instances from the 50 000 produced in those experiments
and it is called TSP generator.

In Figure 11, we notice that the mean and median difficulty of the instances in the
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Figure 11: Box-and-whisker plots of the search effort required by CLK and LK-CC on the
Random set (top), and CLK on the TSP generator and on the CLK:Evolved set (bottom)
and by LK-CC on the LK-CC:Evolved set (bottom)

CLK:Evolved set is higher than those created with the TSP generator. Also, as the 5/95
percentile ranges are not overlapping, we have a high confidence of the correctness
of the difference in difficulty. This confidence is even higher when comparing with
the randomly generated instances, which are shown separate in the upper plot as they
require a much smaller scale.

When comparing the difficulty of CLK and LK-CC for both the Random set and the
Evolved sets in Figure 11, we find a remarkable difference in the the amount of varia-
tion in the results of both algorithms. CLK has much more variation with the Random
set than LK-CC. However, for the evolved sets, the opposite is true. We also men-
tion that for the Random set, LK-CC is significantly faster than CLK, while difference in
speed for the evolved sets is negligible.

5.3.2 Discrepancy with the optimum

We count the number of times the optimum was found by both algorithms for the
Random set and for the corresponding Evolved sets. These optima are calculated
using Concorde’s (Applegate et al., 1999) branch-and-cut approach to create an LP-
representation of the TSP instance, which is then solved using Qsopt (Applegate et al.,
2004). We show the average discrepancy between optimal tour length and the length
of the tour produced by one of the problem solvers.

For the Random set, CLK has an average discrepancy of 0.004% (stdev: 0.024), and
it finds the best tour for 95.8% of the set. For the same set of instances, LK-CC has an
average discrepancy of 2.080% (stdev: 1.419), and it finds the best tour for 6.26% of the
set. This is an enormous difference in effectiveness.

A similar picture presents itself for the Evolved sets. Here, CLK has an average dis-
crepancy of 0.030% (stdev: 0.098), and find the best tour for 84.7% of the CLK:Evolved
set. LK-CC has an average discrepancy of 2.58% (stdev: 1.666), and finds the best tour
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Figure 12: Average amount of clusters found for problem instances of the Random set
and for problem instances evolved against CLK and LK-CC

for 4.74% of the LK-CC:Evolved set.
We run each variant on the problem instances in the set evolved for the other vari-

ant. Table 2 clearly shows that a set evolved for one algorithm is much less difficult for
the other algorithm. However, each variant needs significantly more search effort for
the alternative Evolved set than for the Random set. This indicates that some properties
of difficulty are shared between the algorithms.

Table 2: Mean and standard deviation, in brackets, of the search effort in edge ex-
changes required by both algorithms on the Random set and both Evolved sets

CLK CC-LK

CLK:Evolved set 1 753 790 (251 239) 207 822 (155 533)
CC-LK:Evolved set 268 544 (71 796) 1 934 790 (799 544)
Random set 130 539 (34 452) 19 660 (12 944)

5.3.3 Clustering properties of problem sets
To get a quantifiable measure for the amount of clusters in TSP instances we use the
clustering algorithm GDBSCAN (Sander et al., 1998). This algorithm uses no stochastic
process, assumes no shape of clusters, and works without a predefined number of clus-
ters. This makes it an ideal candidate to cluster 2-dimensional spatial data, as the meth-
ods suffers the least amount of bias possible. It works by using an arbitrary neighbour-
hood function, which in this case is the minimum Euclidean distance. It determines
clusters based on their density by first seeding clusters and then iteratively collecting
objects that adhere to the neighbourhood function. The neighbourhood function here
is a spatial index, which results in a run-time complexity of O(n log n).

Clustering algorithms pose a large responsibility on their users, as every clustering
algorithm depends on at least one parameter to help it define what a cluster is. Two
common parameters are the number of clusters, e.g., for variants of k-means, and dis-
tance measurements to decide when two points are near enough to consider them part
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Figure 13: Two typical examples of the Euclidean TSP problem, both clustered using
GDBSCAN (eps=41,m=5). The small crosses represent noise, while other points show
which cluster they belong to

of the same cluster. The setting of either of these parameters greatly affects the resulting
clustering. To get a more unbiased result on the number of clusters in a set of points
we need a more robust method.

To get a more robust result for the number of clusters found in the different sets
of TSP instances we repeat the following procedure for each instance in the set. Using
the set {10, 11, 12, . . . , 80} of settings for the minimum Euclidean distance parameter
for GDBSCAN, we cluster the TSP instance for every parameter setting. We count the
number of occurrences of each number of clusters found. Then we average these results
over all the TSP instances in the set. The set of minimum Euclidean distance parameters
is chosen such that it includes both the peak and the smallest number of clusters for
each problem instance.

We use the above procedure to quantify the clustering of problem instances in
the Random set and the two evolved sets. Figure 12 shows that for the Random set
and the LK-CC:Evolved set, the average number of clusters found does not differ by
much. Instead, the problem instances in the CLK:Evolved set contain consistently more
clusters. The largest difference is found for 2–6 clusters.

As two-dimensional TSP problems easily allow us to perform a visual inspection,
we include in Figure 13 two problem instances. The first is a uniform randomly gener-
ated instance, while the second is the best result after 600 generations when evolving
against the CLK algorithm. Both instances were clustered using the GDBSCAN algorithm
using the same parameters (eps=41, and m=5). We clearly observe both a decrease in
noise (46 points become 8 points) and an increase in clusters (5 clusters become 9 clus-
ters).

5.3.4 Distribution of pair-wise distances
In Figure 14, we show the average number of occurrences for distances between pairs
of nodes. Every TSP instance contains

(
100
2

)
pairs of nodes on the account that it forms

a full graph. The distribution of these pair-wise distances mostly resembles a skewed
Gaussian distribution. The main exception consists of the cut-off at short segments
lengths. These very short distances, smaller than about 4, occur rarely when 100 nodes
are distributed over a 400× 400 space.
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Figure 14: Distribution of distances over all pairs of nodes in randomly generated and
evolved problem instances after 600 generations (CLK and LK-CC), 95% confidence in-
tervals included, most of which are small

For the Chained Lin-Kernighan we notice a change in the distribution; compared
with the Random set, both the number of short segments and the number of long seg-
ments increases. Also, the number of medium length occurrences is less than for the
Random set. This forms more evidence for the introduction of clusters in the problem
instances. Although this analysis does not provide us with the amount of clusters, it
does give us an unbiased view on the existence of clusters, as it is both independent of
the TSP algorithms and any clustering algorithm.

Also shown in Figure 14 is the distribution of pair-wise distances for problem in-
stances evolved against the LK-CC algorithm. While we notice an increase in shorter
distances, this is matched by an equal decrease in longer distances. Thus, the total
layout of the nodes becomes more huddled together, although no clear clustering is
present.

5.4 Conclusions on travelling salesman

We have applied the methodology to evolve difficult to solve travelling salesman prob-
lem instances. The method was used to create a set of problem instances for two well
known variants of the Lin-Kernighan heuristic. These sets provided far more difficult
problem instances than problem instances generated uniform randomly. Moreover, for
the Chained Lin-Kernighan variant, the problem instances are significantly more diffi-
cult than those created with a specialised TSP generator. Through analysis of the sets of
evolved problem instances we show that these instances adhere to structural properties
that directly afflict on the weak points of the corresponding algorithm.

Problem instances difficult for Chained Lin-Kernighan seem to contain clusters.
When comparing with the instances of the TSP generator, these contained on average
more clusters (10 clusters) then the evolved ones (2–6 clusters). Thus, this leads us to
the conjecture that clusters on itself is not sufficient property to induce difficulty for
CLK. The position of the clusters and distribution of cities over clusters, as well as the
distribution of nodes not belonging to clusters, can be of much influence.

The goal of the author of LK-CC is to provide a TSP solver where its efficiency and
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effectiveness are not influenced by the structure of the problem (Neto, 1999). Prob-
lem instances evolved in our study, which are difficult to solve for Lin-Kernighan with
Cluster Compensation, tend to be condense and contain random layouts. The algo-
rithm suffers from high variation in the amount of search effort required, therefore
depending heavily on a lucky setting of the random seed. Furthermore, its effective-
ness is much lower than that of CLK, as the length of its tours are on average, further
away from the optimum. Thus, it seems that to live up its goals, LK-CC is losing on
both performance and robustness.

6 Conclusions

We have provided a general methodology whereby an evolutionary algorithm is used
to search for difficult to solve problem instances. Thus, we contribute a general stress
testing technique that enables researchers to locate weaknesses in their combinatorial
optimisation algorithms. Stress testing is an important part of the process of develop-
ing algorithms, as it allows developers to seek out weaknesses that need attention. Of
course, the problem instances that arise from this process are most relevant to the al-
gorithm that was under testing, however, as we observed on the travelling salesman
problem, it may be the case that such instances prove difficult to solve for other algo-
rithms. In which case, the structural properties extracted may be of use to understand
the weakness of those algorithms.

We have shown that this methodology is successful in three major problem do-
mains of combinatorics because it can locate problem instances more difficult than
found in popular benchmark suites when keeping the number of basic features, such
as the size, the same. Moreover, by analysing the instances obtained this way we try to
explain their difficulty in terms of structural properties, thereby exposing weaknesses
of the corresponding algorithms. By expressing the structures of these weaknesses de-
velopers can try to address them directly. We summarise the important conclusions
and properties for each major domain.

• We can consistently produce binary constraint satisfaction problem instances that
proof extremely hard to proof unsolvable. An analysis of these problem instances
provides a new structural property that correlates well with the search effort re-
quired by two well known search algorithms that are both sound and complete.
This property is based on the minimal unsolvable sub-problems of a given un-
solvable problem, where we count the number of solutions to the largest solvable
sub-problems of these unsolvable sub-problems. A clear trend exists where the
number of solutions increases with increasingly more difficult problem instances.

• The solvable problem instances found for the Boolean satisfiability problem are
significantly more difficult to solve than those in two existing benchmarks suits.
By observing the size of the backbone and the number of solutions we show that
these have no influence in the increase in difficulty throughout the run of the evo-
lutionary algorithm. On the other hand, there exists a clear trend in the average
standard deviation in variable frequency, which provides a reasonable explanation
for the increase in difficulty when paired with findings in a previous study.

• In the domain of travelling salesman we have used the evolved problem instances
to show the difference in the structure of pathological cases for two modern vari-
ants from the well known Lin-Kernighan heuristic. For one of these variants, this
structure consists of partial clustering of the weighted graph. In turn, for the other
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variant, the degeneration of efficiency and effectiveness is due to small variations,
making it highly susceptible to small changes in the problem space.

The results obtained from the analyses in this study may be of interest to the corre-
sponding developers in order to make new improvements, which would help tackling
problem instances that exhibit the properties that make the evolved problem instances
difficult to solve. They may also be of interest to those using these problem solvers,
where the choice might be to steer away from a problem solver if one needs to solve
problems that exhibit such properties.

The potential of the methodology as a whole lies in its automated way of locating
pathological benchmark cases. In a similar way as shown here, these cases may lead
to insights into the algorithm when analysed for common structures. In this study, the
technique is used to maximise the search effort of one algorithm. Other tasks and vari-
ations for it to perform may include multi-objective goals. In this context, an example
is to evolve problem instances that contain a small backbone, are solvable, and are dif-
ficult to solve. Another interesting area is to evolve problem instances that are difficult
for a set of problem solvers. Last, we would like to see this methodology applied to
many more problem domains and problem solvers.
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